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Abstract: 
Binder jet printed components typically have low overall density in the green state and high 
shrinkage and deformation after heat treatment. It has previously been demonstrated that, by 
including nanoparticles of the same material in the binder, these properties can be improved as the 
nanoparticles can fill the interstices and pore throats between the bed particles. The beneficial 
effects from using these additive binder particles can be improved by maximising the binder particle 
size, enabling the space within the powder bed to be filled with a higher packing efficiency. The 
selection of maximum particle size for a binder requires detailed knowledge of the pores and pore 
throats between the powder bed particles. In this paper, a raindrop model is developed to 
determine the critical radius at which binder particles can pass between pores and penetrate the 
bed. The model is validated against helium pycnometry measurements and binder particle drop 
tests. It is found that the critical radius can be predicted, with acceptable accuracy, using a linear 
function of the mean and standard deviation of the particle radii. Percolation theory concepts have 
been employed in order to generalise the results for powder beds that have different mean particle 
sizes and size distributions. The results of this work can be employed to inform the selection of 
particle sizes required for binder formulations, to optimise density and reduce shrinkage in printed 
binder jet components. 
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1 Introduction: 
Many Additive Manufacturing (AM) processes, such as Laser Powder Bed Fusion (L-PBF), Direct 
Metal Laser Sintering (DMLS), Electron Beam Melting (EBM) and binder jet printing, rely on 
binding/melting or sintering individual powder grains within a powder bed to form a ‘solid’ part 1,2. 
In each of these processes, the packing density of the powder bed prior to printing, sintering and/or 
melting plays a significant role in determining the  physical properties of the final part (such as 
density and shrinkage) 3,4. The maximum achievable density of close-packed monodisperse spheres 
is around 74% 5 whereas powders used in AM processes tend to show densities of between 50% and 
65% 5–7. Packing density is partly governed by the shape of the particles and the particle size 
distribution. Powder beds with a greater range of particle sizes tend to show increased packing 
density 8,9 and powders used in AM processes typically have normal, log-normal or multimodal size 
distributions 8,10,11. Several recent binder-jet studies have shown that the addition of particles into a 
binder system (hereby defined as ‘binder particles’), with a smaller mean size than that of the 
powder bed, can reduce shrinkage and increase part density, improve strength and reduce the need 
for further infiltration during post processing 12,13. To maximise part density, the particles added to 
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the binder should be as large as possible to minimise open spaces within the bed, while also being 
small enough to pass between layers and promote inter-layer adhesion. Selection of the ideal size of 
particles to add to the binder requires advanced knowledge of the pores and pore throats left 
between particles in the powder bed. To the best of our knowledge, this paper is the first to define 
and calculate a critical radius for the infiltration of particles into randomly loose-packed powder 
beds with realistic size distributions. 
1.1 Simulation approaches for powder bed based additive manufacturing 
There are many different approaches to simulating various aspects of powder-based AM processes, 
e.g. binding, melting and solidification. A review of such simulations was published by M. Markl and 
C. Körner 14. Concerning the generation of the powder bed, simulation approaches can be classified 
into one of three groups 15:  
1) raindrop and sequential models, in which powder particles are sequentially placed into a 
specified simulation space under the influence of gravity, and allowed to roll over previously placed 
particles until a steady state is reached 16–18,  
2) non-sequential models, in which a dense array of overlapping particles is generated and then 
allowed to move or shrink to reduce the degree of particle overlap 19,20 and  
3) discrete element methods where dynamic inter-particle forces are considered during the particle 
placement 9,21,22.  
In this paper, a Monte-Carlo raindrop model is used to assemble multiple powder beds with a variety 
of particle size distributions (Phase 1). All of the particle size distributions are centred around typical 
powder sizes used for AM powder bed processes, as shown in the following references: 3,7,23,24. 
Following phase 1, a second raindrop model is used to infiltrate these powder beds with smaller 
particles (Phase 2). Percolation theory principles are then used to determine an equation for the 
binder particle critical radius (𝑟𝑐), based on the mean and standard deviation of the particle sizes in 
each powder bed. The results are normalised to allow application to powder bed distributions 
beyond those simulated for this work. The resulting equation for the critical radius is validated 
against the results of further simulations, for non-Gaussian size distributions, obtained via Scanning 
Electron Microscopy (SEM) image analysis of two typical AM powders supplied by Carpenter Additive 
and experimentally using Cu binder particles above and below the critical radius of a Ti powder bed. 
1.2 The application of percolation theory to binder jet printing 
Percolation theory has been used in many different research fields to model abrupt phase 
transitions in different media 25,26. In one of percolation theory’s simplest forms, a 2D square lattice 
is created with nodes at each lattice site. The lattice is populated with filled or empty sites according 
to a selected site probability*, where a probability of 0 gives only empty sites, and a probability of 1 
fills in all sites. By changing the site probability (and given a lattice of sufficient size) a critical 
probability, 𝑝𝑐, can be determined. For an infinitely large lattice, site probabilities above 𝑝𝑐 give at 
least one continuous path along filled sites between opposite edges of the lattice and probabilities 
below 𝑝𝑐 do not.  To illustrate, Figure 1 shows two 50x50 site grids for a four connected
†, 2D, site 
percolation network, with filled site probabilities above and below 𝑝𝑐. Below 𝑝𝑐 (Figure 1, A) the 
network is made up of many small, discrete clusters. Above 𝑝𝑐 (Figure 1, B) the network is dominated 
 
* Sites are filled through the use of a site probability; a random number between 0 and 1 is generated for each 
site. If this number is less than or equal to the site probability then the site is filled.  
† i.e. sites can be connected above, below and to either side, but not along diagonals. 
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by a single, large spanning cluster (i.e. there is a continuous, unbroken path between 𝑦 =  0 and 𝑦 =
50, and between 𝑥 = 0 and 𝑥 = 50) and a few, discrete smaller clusters. As 𝑝𝑐 increases beyond 
0.60, the size of the spanning cluster grows and the number of small clusters reduces. In the simple 
case of an infinite, four connected, 2D square lattice, 𝑝𝑐 = 0.5972 for site percolation 
27. 
 
Figure 1: 2D, four connected, site percolation on a 50x50 site grid showing connected networks with the site 
probability (A) below and (B) above pc. Each colour represents a single connected cluster and different coloured 
clusters have no connection between each other. 
For the powder beds analysed in this paper, the percolation medium is defined as the spaces 
between powder particles, typically referred to as ‘pores’ for the larger open volumes and ‘pore 
throats’ for the constrictions running between them 28. The ‘percolate’ is the small, added particles 
which would be delivered in the binder (see section 2.2).  
If the binder particles have a sufficiently small radius (𝑟), then the probability of the particles passing 
through the full depth of the powder bed is unity and the entire pore space between particles will be 
open and fully connected. Conversely, if the binder particle is large enough, then the probability of 
the particles passing through the full depth of the powder bed will be zero; no particle will be able to 
pass the top surface of the powder bed or pass from any pore to another within the bed. Recalling 
that 𝑟 is the binder particle radius and 𝑝𝑐 is the critical probability for percolation, then, herein, 𝑟𝑝𝑐 is 
defined as the binder particle radius at the critical probability. As 𝑟 increases from 𝑟𝑝=1 to 𝑟𝑝=0 it 
stands that 𝑝 will decrease from 1 to 0 and that there will be a critical point for each powder bed 
distribution where 𝑟 = 𝑟𝑝𝑐. At 𝑟 = 𝑟𝑝𝑐, the limit of continuity between pores can be determined for a 
powder bed of a given depth where values of 𝑟 < 𝑟𝑝𝑐 allow particles to move freely between pores 
and values of 𝑟 > 𝑟𝑝𝑐 result in particles becoming stuck. Typically, percolation theory would be used 
to predict the critical values for an infinitely large network 25,29,30. In the current work we are only 
concerned with network sizes beyond a few binder jet layer thicknesses (30 μm – 100 μm, 
depending on the bed particle size 7,8,24) as this is what is required to maximise part density and 
promote inter-layer adhesion during the printing process.  
Work on pore structures between simulated, loose packed arrays of spherical particles has 
previously been carried out by Yang et al. 22,28. This approach analysed arrays of single sized particles 
rather than distributions of particle sizes, and was focussed on the links between particle size, 
coordination number (the average number of contacts between particles), the shape of the open 
pores and the overall packing density. In contrast, the work presented here uses a variety of particle 
size distributions to better reflect real powder bed systems and effectively predicts the minimum 
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radius of necks between bed particles, based on the mean and standard deviation of each powder 
bed. 
2. Simulation principles for the generation of powder beds and interaction of 
binder particles 
Powder bed generation (Phase 1) and the subsequent interactions of binder particles (Phase 2) were 
simulated using a Monte-Carlo geometric rain-drop model, similar to the model described by Zhou 
et al. 15. Particles appear one by one at a height 100 μm above the highest particle in the simulation 
space, at a random location in the 𝑥𝑦 plane. If the particle is not in contact with any other particles 
in the simulation, its height is reduced by 10 nm each increment of the simulation. The distance to 
all other particles is determined at each increment and this process is repeated iteratively until the 
particle contacts another in the simulation. The Rodriguez rotation equation (equation 1) 31 is used 
to then rotate the moving particle 10 nm around the circumference of the contacted particle or 
particles: 
 𝒗𝑟𝑜𝑡 = 𝒗 cos(𝜃) +  (𝒌 × 𝒗) sin(𝜃) + 𝒌(𝒌 ∙ 𝒗)(1 − cos(𝜃))      (1) 
(where 𝒗𝑟𝑜𝑡  is the rotated vector, 𝒗 is the original vector before rotation, 𝒌 is the unit vector 
describing the axis of rotation, 𝜃 is the angle of rotation in radians and × and ∙ are the cross product 
and dot product, respectively).  
The axis of rotation is defined by the number of particles that the moving particle is in contact with. 
Particle motion is stopped once the moving particle reaches the base of the simulation or achieves a 
stable state, resting on previously placed particles. If the moving particle centre passes the centre of 
the contacted bed particle, the particle is detached and allowed to fall freely. 
2.1 Powder bed generation (Phase 1) 
In phase 1, to create a variety of powder beds, 17 sets of normally distributed particle radii were 
randomly generated through a program that generated Gaussian distributions based on a specified 
maximum and minimum particle size (Radii span, Table 1). A minimum of 5000 radii were generated 
for each distribution. For radii distributions with small mean particle sizes, which take up less volume 
per particle than those with larger mean radii, larger radii sets were generated (up to 15000 radii) to 
enable the 500 μm x 500 μm x 250 μm simulation space to be filled. The bed mean particle radius 
(𝜇𝐵) and bed radius standard deviation (𝜎𝐵) were calculated from the radii distributions and are 
used to identify and differentiate between the simulated powder beds. An example set with a fixed 
𝜇𝐵 of around 18 μm radius is shown in Figure 2 (A). 𝜇𝐵 and 𝜎𝐵 for all sets are shown in Table 1Error! 
Reference source not found..  
Table 1: Gaussian distribution statistics of starting radii used for powder-bed generation. 
Radii set Radii span (µm) Mean, µ𝐵 (µm) Standard Deviation, 
𝜎𝐵 (µm) 
1 4 – 26 15.13 3.13 
2 6 – 26 16.23 2.76 
3 8 – 26 16.94 2.52 
4 10 – 26 18.10 2.46 
5 12 – 26 19.15 1.94 
6 14 – 26 19.71 1.57 
7 16 – 26 20.79 1.57 
Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 November 2019                   doi:10.20944/preprints201911.0064.v1
8 4 – 32 18.21 4.26 
9 6 – 30 17.86 3.42 
10 8 – 28 18.36 2.73 
11 10 – 26 18.10 2.46 
12 12 – 24 18.13 1.60 
13 14 – 22 18.21 1.10 
14 16 – 20 18.14 0.52 
15 4 – 20 11.64 2.45 
16 10 – 26 18.10 2.46 
17 16 – 32 23.47 2.32 
 
25 powder beds were generated for each radii set, i.e. each 𝜇𝐵 and 𝜎𝐵 combination. Steps were 
taken to ensure that the particle placements were random, without the near-close-packed 
placement that can occur when several particles of similar sizes rest upon a flat plane and begin to 
stack upon each other. In cases where several particles with similar sizes come to rest next to each 
other on a flat plane there is a high chance that they will adopt an hexagonally arranged close 
packed formation. This can then propagate through the simulation as more particles are added, 
leading to highly ordered domains with densities significantly higher than expected for random loose 
packing. To avoid flat walls at the simulation edges, no boundary conditions were set in the 𝑥 or 𝑦 
planes during the bed generation. For each particle, an individual 𝑧 boundary was randomly selected 
between 𝑧 = 0 and 𝑧 =  𝑟𝐵,𝑚𝑎𝑥, where 𝑟𝐵,𝑚𝑎𝑥 was the largest radius in the Gaussian particle 
distribution. The 𝑧 value was set this way in order to prevent a flat base to the simulation. After 
simulation, the pile of particles for each size distribution was cropped to include only particles with 
centres within a rectangular cuboid of size 𝑥 = 500 µm, 𝑦 = 500 µm and 𝑧 = 250 µm. For bed density 
calculations, a voxel map of the particles was generated and further cropped around the centre 
point to 𝑥 = 350 µm, 𝑦 = 350 µm and 𝑧 = 150 µm. The sizes were chosen to avoid artificially lowering 
the overall density through inclusion of the simulation edges. The powder bed generation process is 
illustrated for the 10 µm – 26 µm radius distribution in Figure 2.  
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Figure 2: A) Histograms of normally distributed particle radii samples (sets 8 - 14) used as the starting point for 
the simulation of powder beds. In the examples shown here, 𝜇𝐵 is around 18.1 μm and 𝜎𝐵  varies from 0.52 μm 
to 4.26 μm. B) Simulated pile of 5000 particles using 10-26 μm radii set. C) Cropped particle pile including only 
particles with centres between 𝑥 and 𝑦 = -250 µm to 250 µm and 𝑧 = 0 µm to 250 µm (~1500 particles). D) 
Sliced particle bed (voxel mapped) used for density calculations (core volume shown, 350 µm by 350 µm by 
150 µm around centre point of cropped particle volume). 
 
2.2 Binder particle infiltration simulation (Phase 2) 
After the generation of the powder beds, a second set of simulations were run. Single particles, with 
radii ranging from 0.1 µm to 10 µm (increasing in 0.1 µm steps), were dropped from random 𝑥𝑦 
locations above each powder bed and allowed to fall through. A circular drop area with a radius of 
150 µm over the centre of each powder bed was selected. The drop position and drop radius were 
chosen such that the binder particles had a low probability of escaping from the sides of the 
simulation before travelling the full depth of the bed, even if dropped at the edge of the drop radius. 
Once each binder particle had either fallen all the way through the simulation space or had reached 
a stable position within the bed, the start 𝑧 position and the final 𝑧 position were recorded along 
with the binder particle radius. The powder bed was reset to its original state after each infiltrated 
particle. This process was repeated 100 times for each infiltrated particle radius resulting in 10,000 
binder particles dropped for each powder bed. As the starting radii were used to simulate 25 powder 
beds each, this gave a total of 250,000 binder particles dropped per bed radius size distribution and 
a total sample area of ~1.75 mm2 per bed radius size distribution.  
The probability of each binder particle of a given radius succeeding in traversing through the entire 
simulated powder bed was estimated by calculating the number of particles of a given radius that 
reached the base of the simulation, i.e. 𝑧 = 0, divided by the number of infiltration attempts.  
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2.3 Model Limitations 
2.3.1 Model assumptions 
In both phase 1 and phase 2 the model uses geometric movement, collision and rolling rules to 
calculate the particle positions in each successive increment of the process. Other physical 
processes, such as the action of the liquid component of the binder, viscous, frictional and surface 
forces are not accounted for. It is also assumed that the powder bed particles remain locked in place 
once they reach a stable location, both during the addition of further bed particles and during the 
addition of binder particles. The model also assumes that bed and binder particles are perfect 
spheres.  
2.3.2 Model accuracy 
The model used to generate powder beds (phase 1) and to infiltrate binder particles into the powder 
beds (phase 2) moves particles in 10 nm increments. In phase 1, as bed particles come into contact 
with each other, the rolling process (i.e. when the particle in motion begins to roll over one or more 
previously placed particles) begins once the distance between the centres of the particles is equal to 
or less than the sum of their radii. This typically results in a small overlap (between 0 nm and 10 nm) 
between bed particles. However, the bed particles have a radii between 4 μm and 32 μm, 
approximately 400 to 3200 times larger than the maximum overlap. Comparisons of regular, 
hexagonally packed particle arrays, with and without this overlap show a small difference in 
calculated density, with the overlapped arrays giving densities around 0.15% higher than the non-
overlapped arrays for simulation spaces with the same dimensions as used in the powder bed 
model. The particle overlap will also effect the results for the critical radius, in that particle edges 
would be marginally closer to each other, reducing the size of the gaps between them. However, we 
hypothesise that the effect is negligible, as the gaps are a few 10s of nm smaller than without the 
particle overlap, below the resolution of the binder particle sizes tested (100 nm).  
3 Results and Discussion 
3.1 Powder bed generation: 
25 loose-packed powder beds (500 x 500 x 250 µm) were generated using the raindrop model for 
normally-distributed radii, as described in section 2.1. For validation, an additional 50 beds were 
generated using two sets of radii based on scanning electron microscope (SEM) image analyses of 
two different gas atomised metal powders, supplied by Carpenter Additive. The particle size 
distribution for the Carpenter Additive powders were determined following the algorithm developed 
by Atherton and Kerbyson 32. To capture both the largest and smallest particles, multiple images at 
different magnifications were analysed. To adjust the results from each image so that they could be 
combined into a single histogram, the number of particles in each image were normalised with 
respect to the area of each image. Each particle radius histogram contains the results of around 
10,000 particle sizes. Density calculations of the simulated powder beds were then compared to 
Helium pycnometry results obtained for these powders using a Quantachrome Instruments 
Multipycnometer (Table 2). In He pycnometry a sample chamber is filled with a known volume of the 
powder to be measured whilst a second reference chamber, with a known volume, is filled to a 
specified pressure (significantly above atmospheric pressure) with helium gas. The change in 
pressure of the total system as the reference chamber is emptied into the sample chamber allows 
the void fraction and the density of the powder to be calculated. Model bed densities were found to 
be within around 3% of those found by pycnometry, with the 20 – 53 µm model underestimating the 
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bed density by an average of around 1.5% and the 15 – 45 µm model overestimating the bed density 
by an average of around 3%. The model shows the correct trend in that the 20 – 53 µm powder is 
denser than the 15 – 45 µm powder. Some discrepancy is expected due to the assumptions used in 
the model; i.e. 100% spherical particles, no aggregation of particle clusters and zero frictional or 
mechanical forces between particles (see section 2.3 on model limitations). Simulated and measured 
powders showed densities consistent with the definition of randomly loose-packed spherical 
powders 33, i.e. densities in the regions 55% to 60%, compared to densities above 64% for random 
close-packing. 
Table 2: Predicted powder bed densities and measured densities for Cu powders from LPW with 20-53 µm and 
15-45 µm diameter distributions. 
Bed powder Average 
density % 
(model) 
Maximum 
density %  
(model) 
Minimum 
density % 
(model) 
Standard 
deviation 
% (model) 
Pycnometry 
density % 
(experimental) 
Difference 
(measured 
– model) % 
LPW 20-53µm 60.93 61.57 59.80 0.41 62.46 +1.53 
LPW 15-45µm 60.33 61.34 59.60 0.40 57.26 -3.07 
 
3.2 Percolation of binder particles and the binder particle critical radius 
In percolation theory, several definitions of the critical probability (𝑝𝑐) exist, depending on the 
concept of penetration in the percolation medium 30. A common definition is the point (in terms of  
site probability) where the global structure changes from many, independent, small connected 
components to a single, large spanning component plus multiple, small, connected components 34, 
i.e. the site probability at which a spanning cluster is likely to appear. For the case described in the 
current paper, the critical radius (𝑟𝑐) is defined as the largest binder particle radius where the 
probability of successfully traversing the powder bed is no longer unity. Figure 3 shows the 
normalised* critical radius against the normalised powder bed standard deviation, measured from 
the simulated particle infiltration data. Radius values below 𝑟𝑐 have a bed traversal probability of 1, 
and radius values above 𝑟𝑐 have a bed traversal probability of less than 1. As the 𝜎𝐵 𝜇𝐵⁄  ratio 
increases, the relative critical radius decreases. The linear model is shown in equation (2):  
 
* Critical radius values and powder bed standard deviation values are normalised against the powder bed 
mean particle radius for each powder bed. 
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 Figure 3: Linear regression of the normalised critical radii against normalised standard deviation for simulated 
powder beds. 
 𝑟?̅? = 𝑐1 (
𝜎𝐵
𝜇𝐵
) + 𝑐2          (2) 
where 𝑟?̅? is the normalised critical radius, 𝑐1 = -0.2074 ± 0.05 and 𝑐2 = 0.1534 ± 0.007. Figure 3 show 
the fit of this model, with an R2 value of 0.881.  The dotted lines in Figure 3 represent a 95% 
confidence interval. 
Rearranging equation (2), the critical radius is given by: 
𝑟𝑐 = 𝑐1𝜎𝐵+ 𝑐2𝜇𝐵.         (3) 
It should be noted that the critical radii presented here were all generated from simulated powder 
beds with densities ranging from 58% to 62%. These densities are reasonable for loose-packed, 
spherical powders. However, real powders may undergo some densification in a binder jet system 
due to mechanical vibrations and compression from the powder delivery mechanism. This effect has 
been measured for spherical L-PBF powders spread using a rubber blade where it was found that, for 
powders with a tapped density of ~65% and loose packed densities from 54% to 57%, the single 
layer packing density was lower or similar to the loose packed density, ranging from 44% to 56% 7. 
We hypothesise that the relative densities of the powder will have little effect on the critical radius, 
effectively a measure of the width of the smallest pore throats present in the powder bed. The 
smallest possible pore throat within a powder bed should be the gap found between a close-packed 
cluster of three or four of the smallest particles within the distribution. As the particle sizes would 
not change as a powder densifies from random loose-packed through random close-packed to 
ordered close-packed, we would expect this minimum value to remain static. The critical radius is 
larger than the smallest possible neck for powder beds with depths less than infinity, as the 
probability of the cluster of smallest particles lying along a given percolation path is less than 1. The 
smallest possible neck can be calculated by taking the values for the 3 smallest particles in the size 
distribution and applying Descartes’ theorem 35.  In the beds tested in this paper, the finite powder 
bed depth of 250 μm means that the probability of one of the smallest particle clusters being 
present is lower than one, and that binder particles may never encounter this minimum pore throat 
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restriction. Another point of note is that the critical radius equation (equation 3) breaks down for 
powder beds were the standard deviation (𝜎𝐵) approaches 73% of the value of the mean particle 
radius (𝜇𝐵). For powders beyond this relative standard deviation, equation (3) will yield a negative 
critical radius. Determining the precise 𝜎𝐵 𝜇𝐵⁄  ratio at which the equation is no longer valid is 
currently a topic for future work. The 𝜎𝐵 𝜇𝐵⁄  ratios simulated and tested in the current paper range 
from around zero to around 40%.  
3.3 Application to real powder bed radii 
SEM image analysis (section 3.1) of two different gas atomised Cu powders was carried out to 
determine examples of real, non-Gaussian powder radii distributions (Figure 4) in order to validate 
the use of equation 3 when dealing with non-Gaussian distributions 25 powder beds for each of 
these non-Gaussian distributions were simulated using the histograms shown in Figure 4 (Phase 1) 
and subjected to the same particle infiltration process (Phase 2) as used for the previously discussed 
powder beds.  
 
Figure 4: A) Histogram of LPW 20-53 μm diameter powder from SEM image analysis. B) Histogram of LPW 15-
45 μm diameter powder from SEM image analysis.  
After the powder beds were simulated and cropped to the correct dimensions, the mean and 
standard deviation of the remaining particles (𝜇𝐵 and 𝜎𝐵) were calculated for the remaining bed 
particles and found to be 14.96 μm and 5.99 μm for the 20-53 μm powder and 16.94 μm and 
4.28 μm for the 15-45 μm powder. For the distributions shown in Figure 4, it was found that there 
was sufficient statistical information in the first two moments of the distribution to allow the critical 
radius for each powder to be calculated using equation 3. The critical radii determined by applying 
equation 3 to the radii distributions of particles that remained after the cropping process for both 
powders were 1.052 μm and 1.711 μm. 
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 Figure 5: A) Critical radius prediction for 20-53 μm powder bed (Circle marker) and simulated open network 
probability (solid line). B) Critical radius prediction for 15-45 μm powder bed (Diamond marker) and simulated 
open network probability (solid line).Insets in A and B show close-ups where the probability of an open network 
no longer equals 1 (solid lines) and the critical radius predicted by equation 3 (circle and diamond markers). 
Figure 5 shows the simulated probability results from phase 2 and calculated critical radius 
predictions (i.e. calculated using equation 3 applied to the mean and standard deviation of the 
powder bed radii distributions) for binder particle infiltration into simulated powder beds based on 
non-Gaussian particle size distributions. It should be noted that the critical radius predictions 
(diamond and circle point markers, Figure 5 A and B, respectively) were calculated solely from the 
linear regression relationship inferred from the original simulations of normally distribution powder 
beds (i.e. equation 3), before implementing the model for phase 2 on the non-Gaussian powder 
beds. The simulation for phase 2 is represented by the continuous lines in Figure 5 A and B. In both 
cases, the predictions made from equation 3 match closely with the onset of closed networks (i.e. 𝑝 
< 1). For the 20-53 μm powder beds, the critical radius calculated from equation 3 is 1.052 μm and 
the critical radius from the phase 2 simulations is between 0.9 μm and 1.0 μm. For the 15-45 μm 
powder beds, the critical radius calculated from equation 3 is 1.711 μm and the critical radius from 
the phase 2 simulations is between 1.1 μm and 1.8 μm. From the shape of the curve in Figure 5 (B), it 
appears that the critical radius is towards the higher end of the stated range. The lower value of 1.1 
μm, and the subsequent 0.7 μm spread in the simulation prediction, may be attributed to the larger 
mean radius for the 15-45 μm powder which would reduce the total number of particles in the 
simulation and increase the noise in the probability results. Further validation is required to confirm 
whether the predictions made using the critical radius equation (equation 3)apply to further types of 
powder bed size distribution. Futher work is also required on the development of a mechanistic or 
probabilistic argument to link the various equation constants with the powder bed size distribution 
properties.  
3.4 Experimental validation 
The critical radius equation (equation 3) was experimentally validated using a commercially pure 
(CP) Ti bed powder and Cu binder particles dispersed in a reactive Cu ink binder. SEM image analysis 
was used to determine the particle size distribution of the CP Ti powder (Figure 6). The particle size 
distribution mean and standard deviation  were 𝜇𝐵 = 15.987 μm and 𝜎𝐵 = 4.702 μm. The critical 
radius for the CP Ti powder, calculated using equation 3, was determined to be 1.477 μm.  
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  Figure 6: A) Particle radius size distribution for CP Ti powder. B) Particle radius size distributions for 1 μm and 5 
μm diameter Cu powders.   
Two different Cu powders, 0.5 μm radius and 2.5 μm radius as specified by the manufacturer, were 
dispersed into a solution of IPA and Cu binder ink containing Cu formate tetrahydrate, n-octylamine 
and 2-amino-2-methyl-1-propanol (AMP). Each dispersion contained 1 g of Cu ink, 4 g of IPA and 
2.5 g of Cu particles, giving a particle concentration of 33% by mass. 100 μl of each dispersion was 
pipetted onto the CP Ti powder bed in two 50 μl drops using a micropipette from a height of 5mm. 
The second drop was applied once the first drop had soaked into the CP Ti powder. In the case of the 
2.5 μm particle ink, this took around 30s and for the 0.5 μm particle ink, around 5s. The powder 
wells measured 7.5 mm by 7.5 mm by 3.5 mm, and as such represent between 35 and 110 layers in a 
powder based additive manufacturing system. 
  
Figure 7: Drop tests for 2.5 μm and 0.5 μm Cu particle suspensions into CP Ti powder beds with 𝜇𝐵 = 15.987 μm 
and 𝜎𝐵  = 4.702 μm. A) 1
st 50 ml drop with 2.5 μm particles from 0 s to 30 s. B) 1st 50 ml drop with 0.5 μm 
particles from 0 s to 4 s. C) 2nd 50 ml drop with 2.5 μm particles from 0 s to 30 s. D) 2nd 50 ml drop with 0.5 μm 
particles from 0 s to 20 s. 
According to the simulation results presented in section 3.2, binder particles with radii larger than 
the critical radius should not be able to penetrate a powder bed beyond 2.5 to 8 layers, depending 
on the layer thickness. Binder particles with radii smaller than the critical radius should be able to 
move freely past the upper layers of the bed. Figure 7 shows stills from video taken of the Cu particle 
binder drop tests into small wells containing CP Ti powder. For the Cu particles sizes above the CP Ti 
critical radius (𝑟𝑐(𝑇𝑖) = 1.477 μm), 2.5 μm according to the manufacturer’s specification and 𝜇 = 1.164 
μm and 𝜎 = 0.632 μm from SEM image analysis (Figure 6 (B)), it can be seen in Figure 7(A) that the 
droplet rests on top of the Ti powder with a contact angle around 90°, indicating poor wetting of the 
Ti powder. Over the next 30 s after the drop impact, the liquid component of the drop, i.e. the Cu 
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binder, IPA and stabiliser, penetrate into the Ti powder leaving a ‘cake’ of Cu particles at the surface 
and showing no visible evidence of the Cu particles being able to pass the upper layers of the Ti 
powder bed.  
In Figure 7 (B), the Cu particles contained within the drop are smaller than the critical radius, 
specified as 0.5 μm by the manufacturer and 𝜇 = 0.273 μm and 𝜎 = 0.077 μm from SEM image 
analysis. The behaviour of the drop is markedly different from that of the drop with larger particle 
radii. At 0s, the drop shows a much lower contact angle, around 30°, and spreads to cover a larger 
area of the Ti powder. Over the next 4 s both the liquid and solid components of the drop penetrate 
into the Ti powder bed leaving little disturbance at the surface. Through the translucent walls of the 
Ti powder well, it can be seen that the Cu powder has reached below the powder bed surface in 
some areas to a depth of around 1 mm.  
In Figure 7 (C) the second 50 ml drop containing 2.5 μm particles is pipetted onto the same area as 
the first drop. As with the first drop, it takes around 30s for the liquid component to penetrate the Ti 
powder and the Cu particles remain at the Ti powder surface. The liquid component can be seen 
penetrating portions of the Ti powder up to the full depth of the well. No colouration due to the 
presence of Cu particles is evident below the Ti powder surface.  
Figure 7(D) shows the second drop containing 0.5 μm Cu particles. As with the second drop 
containing the larger particles, the initial contact angle is reduced as the 50 ml drop spreads to cover 
a larger area than the first. The liquid component of the drop quickly penetrates into the Ti powder, 
which shows almost complete wetting through the well side walls in less than 1 s. A significant 
fraction of the Cu particles are also able to penetrate the Ti powder as shown by the change to an 
orange/pink colour in the top 1 mm of the Ti powder. The penetration depth of the Cu particles 
increases for the next 2 s and then slows, reaching a maximum depth of around 2mm, or 20 to 35 
layers, at around 20 s.  
These results confirm the validity of the critical radius equation in predicting appropriate particle 
sizes to select when formulating particle containing binders for binder jet printing processes.   
4.0 Conclusions  
It has been shown that a raindrop model, using simple geometric rules, can replicate powder bed 
densities similar to those used in additive manufacturing processes. The powder bed model is 
validated against helium pycnometry density measurements. The critical radii necessary for binder 
particles to infiltrate the simulated powder beds (with Gaussian and non-Gaussian particle size 
distributions) have been determined via simulation, generalised and experimentally validated. The 
critical radius provides an upper limit on particle sizes to be used when optimising particulate binder 
formulations, enabling final part density to be maximised and minimise post-processing shrinkage. 
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